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Abstract. By using a quantized input light, we theoretically revisit the coherent two-color photo-association
process in an atomic Bose-Einstein condensate. Under the single-mode approximations, we show two in-
teresting regimes of the light transmission and the molecular generation. The quantum state transfer from
light to molecules is exhibited, without or with the depletion of trapped atoms.
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Since the remarkable realizations of Bose-Einstein con-
densates (BEC) in cold dilute atomic gases, many novel
properties of the macroscopic quantum degenerate gases
have been experimentally exhibited or theoretically pre-
dicted [1]. Recently, by creating a quantum degenerate
molecular gases via a magnetic Feshbach resonance [2,3]
or an optical photo-association (PA) [4,5] in an atomic
BEC, the appealing physical properties of the formed
atom-molecule mixtures have attracted much interests as
a whole new dimension in the study of ultracold atomic
physics and even atom optics [2-5]. The Bose-enhanced co-
herent PA process was also termed as superchemistry since
it is completely beyond the classical Arhenius chemical ki-
netics in such an ultralow temperature of the yK range [6].
Although many novel quantum effects are predicted for
the coupled atomic-molecular condensates, such as the
molecular damping due to the quantum noise terms [6],
the essential features of the current PA experiments can
be well described by the single-mode or even mean-field
approaches, such as the famous experiment of coherent
two-color PA experiment of Winkler et al. [4]. Hence the
extremely complicated methods fully taking into account
of the dissipated effects are not practically needed.

On the other hand, there also have been many interests
recently in making and exploring the new applications of a
coherent atomic beam or an atom laser [7]. Most recently,
Haine et al. introduced a scheme to generate controllable
atom-light entanglement by using a Raman atom laser
system [8]. The key point of their scheme is to use an input
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squeezed light instead of a classical light [9]. Therefore an
interesting question may arise: is it possible to realize the
quantum control of molecule-light system or, as the first
step, a non-classical molecule laser? The possible novel
applications of a molecule laser can be expected in, e.g.,
the precise matter-wave interferometry technique [10].
The previous literatures on the coherent PA process
are all focused on the stable and higher atom-molecule
conversions by treating the external optical fields as the
classical [4-6,11]. In this paper, by considering a quan-
tized light as the weak PA field, we study the quantum
dynamics and statistics of coherent molecular output via
two-color PA in an atomic condensate. The basic phys-
ical assumption is that one photon is encoded onto two
atoms to form a diatomic molecule, and then the quan-
tum state of the photons are converted onto the created
stable molecules. As we described above, the essential fea-
tures of the current PA experiments can be well described
by the single-mode or even mean-field approaches, we
use the simple single-mode model to treat this photon-
atom-molecule system instead of a fully analysis. We find
two dynamical regimes, the optical transmission and the
molecular formation, and for the later, the quantum state
transfer from light to molecules can be observed, which
indicates a possible way for the quantum control of the
molecule-light system purely by an optical method.
Turning to the situation of Figure 1, we assume for
simplicity that large number of Bose-condensed atoms are
initially prepared in a magnetic trap when a strong control
laser field with slowly varying Rabi frequency (2(t) is ap-
plied. The PA is described by a slowly varying single-mode
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Fig. 1. (Color online) Schematic figure of the coherent two-
color photo-association by using a quantized input light. The
atoms are initially condensed in the trapped state |b). The free-
quasi-bound-bound transitions and the momentum kick [8] are
induced by two lasers: an input light a(t) with Rabi frequency
€ and a classical control light with Rabi frequency £2(¢). ¢ is
the intermediate detuning from the excited molecular state.

operator a(t), which induces two atoms to form one quasi-
bound molecule in the exited state e. This state mediates
the out-coupling Raman transitions and then the stable
molecules are created in the untrapped state g due to the
optical momentum kick [8]. Since the particles interactions
can be tuned by using a Feshbach resonance [12,13] and
goes to zero for a sufficiently dilute condensate, we ignore
it here for the present purpose. In fact, the impacts of non-
linear particles interactions on the dynamics of the out-
put coherent matter waves have been well studied in the
literatures [14,15]. In the second quantized notation, bo-
son annihilation operators for the trapped atoms and the
molecules in two states are denoted by 13, ¢ and g, respec-
tively. By focusing on the different modes couplings, the
effective Hamiltonian of this photon-atom-molecule sys-
tem is then (A =1)

N 1 ~n PN
Hy =défe+ 5(eéT bba + e*atbThé)
+[R(t)g'e + 2+ (1)e'g), (1)

where § is the intermediate detuning and & denotes the
quantized input light. Note that we assume here the two-
photon resonance (hence without the §7§ term) and also
neglect another free-energy term a'a since it does not have
any essential impact on the main physical results of our
model [9,24]. This model, comparing with that used by
Winkler et al. to describe their recent PA experiment [4],
only have the new feature of using an input light of quan-
tum nature, and the incoherent process of the excited-
state molecular damping or the rogue molecular dissoci-
ations are also ignored here [11]. And the weak PA field
condition € < {2 can safely avoid any heating effects in
the PA. Obviously we have: bTb + 2(éfé + §1§) = Ny with
Ny being the total number for a condensate of all atoms or
twice the total molecules, indicating the stationary quan-
tity under the time evolution of the system.

The roles of atomic association in the two-color PA has
been studied extensively [4-6,11], even in an optical cav-
ity [16]. Here, by using a quantized input light, we firstly
consider the quantum dynamics of the system under the
Bogoliubov approximation, i.e., by neglecting the atomic
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depletions and treat b as a c-number by with |bo|? = Np.
The general depleted case will be treated later. It should
be mentioned that this atomic state is assumed to be in a
Glauber coherent state instead of a Fock state. Hence the
reduced Hamiltonian describes nothing but a simple lin-
ear three-state system for which the perfect quantum state
transfer is easily expected. In fact, by using the unitary
transformation

sin @y sinfly cosf; sinfq cosby
cos 0y 0 —sin s ,
cos 01 sin 09 — sin 01 cos 61 cos 65

U= (U] =-1)
(2)
with the mixing angles defined by tanf(t) = w/2(t),
tan2602(t) = 2X\(t)/6 and A(t) = y/w? + 22(t) with w =
€No/2, the reduced Hamiltonian can be diagonalized as

Hp []IA{B[]]L =w+ATA+w0ETE+w_GTG,

wy = %(5i VAN(t) + 62);  wo =0, (3)

with (a,é,9)T = U(A,E,G)T. Thereby, based on an ex-
tending stimulated Raman adiabatic passage (STIRAP)
method [17,18], the quantum transfer process can be
clearly exhibited from the optical state to the molecular
state. And this photon-molecule system then can serve
as an another scenario of the well-known three-state op-
tics (TSO) techniques which have been intensively stud-
ied in recent years for many systems, e.g., between dif-
ferent internal atomic quantum states [18], from the light
to macroscopic atomic ensembles or propagating atomic
beams [13,19-21] and vice versa. The new feature intro-
duced here is that, in some sense, the photons are stored
in the stable diatomic molecules, which may indicate an
optical control of the molecule-light system or even their
entanglement [8].

The essential mechanism of the TSO is the two-channel
quantum interference effect which leads to an effectively
unpopulated intermediate state for certain conditions [18].
This can be explicitly shown by calculating the three
states populations. Here, by specifying the value of {2 to
make two mixing angles as time-independent, we find for
the intermediate state

Ne(t) = (e*(t)e(t))
= sin? 6 sin® Ay cos? B3[1 — cos(wy — w_)t]| Ny, (4)

which leads to N, (t) = 0 for the conditions of (wy —w_)t =
2nm (n =0,1,2,...). The detuning § should be large gen-
erally in order to avoid the incoherent processes. Similarly
we also can obtain

N,y (t) = sin® 0; cos® 611 — cos(w.t)] No. (5)

Interestingly, we see that under the adiabatic approxima-
tions there can exist two dynamical regimes: (i) for wyr =
2nm, we have an optical transmission regime in which the
coherent PA in fact does not happen (N, (7) = 0); (ii) only
for wyt = (2n+ 1)m, we can observe a coherent molecular



H. Jing and M. Zhan: Quantum state transfer from light to molecules

output, with an average flux of particles

N, 22 1% 0) < N0 6

0= [ 25 o <no. ©
And the complete quantum conversion from light to
molecules happens for the conditions of w = {2 (or for the
mixing angle, #; = 7/4). This indicates the possibility to
realize a nonclassical molecule laser. Although for a sample
of trapped molecules the photons even can be coherently
released again for the conditions of A7: (2n+ 1)m — 2mm,
it is very difficult due to the realistic configurations in
any actual experiment, such as the phase diffusion of
trapped condensate, large inelastic atom-molecule scat-
tering and other nonideal or dissipated factors especially
in a dense condensate. This is the reason we consider a
coherent molecular beam here instead of memory process
in a trapped sample.

Now we proceed to study the quantum statistic of the
output molecular field for an input PA light in a squeezed
state [22]: |a)s = S(€1)]a), where the squeezed operator
S(&) = expléi(a)? — ¢fa?] with & = (r1/2)e™™, as
a unitary transformation on the Glauber coherent state
|a) (o = |ale?r). The simplest case happens for the co-
herent molecular output regime, i.e., wir = (2n + 1),
and the Mandel’s (Q parameter for the output molecules
is obtained as

(AN2(7))s

(Ng(7))s
= 4 cos? 0, sin? 02Q.(0) > 0,

Qg(7) — 1= (Ny())s

with Q,(0) = sinh®r; and §(7) = —2cosb; sinf;a(0) —
c0s261§(0). This indicates a complete quantum conver-
sion (the super-Poisson distribution) from the input light
to the output molecular fields. In addition, the squeezed
angle of the input light also can affect the quantum statis-
tics of the output molecular field. To see this clearly, we
consider the quadrature squeezed coefficients [23]

with G; = 1(g+ah, Gy = 3:(§ — g"). For the most inter-
ested case: w1T = (2n + 1)m, we can obtain

SEa

Tg.2¢(T) =2 sin?(26;) sinh 71 (sinh 7, F coshr cos ¢1),

(8)
which indicates a squeezed-angle-dependent molecular
squeezed effect (r; > 0): (i) for ¢1 = 2nw (n =0,1,2,...),
we have Si4 = 4 sin® 6, cos? 6, (72" — 1) < 0 and Sog =
4sin? 0; cos? 0y (e*™* — 1) > 0, which means that the com-
ponent Sy, is squeezed; but for ¢1 = (2n + 1)m, we have
S1g = S24(¢1 = 2n7) > 0 and Szy = S14(¢1 = 2nm) < 0,
which means that the quantum squeezing transfers to Sig
component; (ii) for ¢; = (n+1/2)m, we have S5 = Sz >
0, a squeezing-free effect for the output molecules [24].

In order to analytically study the impacts of the deple-
tions of trapped condensate on the coherence of the output
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molecular field, we firstly write the Heisenberg equations
of motion of the excited molecules from equation (1) and,
by assuming |0| as the largest evolution parameter [11] in
the system, we have: /6 = 0, or é ~ —(ebba + £2§)/6.
Substituting this into equation (1) to adiabatically elimi-
nate the quasi-bound molecular state, yields the effective
Hamiltonian as the following

Hy = —I'gT§— p(aatobb™vt + H.c.) — x(3Tbba+ H.c.), (9)

where I' = 2022/6, n = €2/6 and x = 282¢/5. Now we
choose {2 > €, or x > p, then it would be good enough to
consider the third term in equation (9) as the main cou-
plings of the system. This observation greatly simplifies
our analysis and the Heisenberg equations of motion for
the three different states can be written as

o s 9 . .
PN bTbTA = _9 ATbTA
i50 = —xb'0'g, iz xa'b' g,
9 o
G = —I'§— ybba. 1
i5:9 g — xbba (10)

The analytical solutions of these equations can be ob-
tained in the second-order approximation of the evolution
time as the following simple forms:

da(t) = itxbiblgo + t2x2a0 (2N Nyo — M),
8b(t) = 2itxalbhgo + tx*[Nyobo(Ngo — Nao)

+2bNyo(Nao + 1)),

84(t) = itxboboio — t2x>§o[2Nao(Neo + 1)

+ Mo + 2Ny + 1], (11)
where 5k(t) = k(t) — KQ, NKO = ngo, MbO =
bibibobo/2 and Ko = dg, bo, jo. Therefore, firstly by using
a coherent factorized structure of the initial state of the
system, i.e., |in) = |a)a|u)s|0)qy, with bju) = |ule’??|u),
the squeezed coeflicients for the output optical and molec-
ular states are obtained as

<§;ZEQ> = 3la*(1 — [u*x*t) <C0822 “01) . (12)

sin” 1

and

Sig(t)\ _ 2 2 22,2y | sin® (o1 + 290
(Sn)) =3l = laPluicey | Ster 2220 |

(13)
This means that there is no squeezing for these fields even
with the depletions of the trapped atoms. For the trapped
atoms, however, the dynamical quadrature-squeezed effect
always happens except for the specific case of | cos pa| =
| sin @o.

To examine the quantum state transfer process in the
depleted case, we now use an input light in squeezed vac-
uum (with nonzero mean number of photons) [25] for a
coherent atomic condensate in the magnetic trap, and the
molecular squeezed coefficients can be obtained as

Sia

To2g(t) = 2|p|*x*t? sinh 1 (sinh ry F coshry cos ¢1),

(@1,2 =0) (14)
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from which, comparing with the simplest linear case,
we can see that the squeezed behaviors for the output
molecules are also dependent on the squeezed angle of the
input light. However, if the initial atomic condensate is
already prepared in a squeezed state by, for example, the
nonlinear Kerr-type atomic collisions (see, e.g., Ref. [24]),
but the input light is now in an ordinary Glauber coher-
ent state, i.c., [in) = [a)alp)ol0)g. 15}y = S(€2)]a)o, with
S(&) = expl&a(b')? —&b?], and & = (ry/2)e™¢2, then we
get the different squeezed behaviors for the output molec-
ular field as

133
<819(t)> = |a|2x2t2 sinh? ry

S5y (1)
X {11 cosh? ry <sin2 2 > — 4] . (15)

cos? ¢

Obviously, the squeezed effects really can appear except
for the case of |cos@a| = |sin¢gs|. This may indicate a
quantum transfer from the trapped atoms to the output
molecules. However, it is more difficult for it to be ob-
served in practice since the dynamical evolutions generally
can affect the squeezed parameters of the atomic field itself
(except for some special cases, e.g., | cosga| = |singal),
and the initial detection of the atomic squeezed parame-
ters also can be very challenging for current experiments
of the ultracold atoms. Thereby, it is only accessible at
present to consider the realization of the optical control
of the output coherent molecular waves by using a dilute
trapped condensate.

Finally we can study the mutual coherence of the out-
put optical and molecular fields by calculating the second-
order cross-correlation function gffg) (t) [22]

9(2)(t) — (dT(t)&(t)gT(t)g(t» ) (16)
w0 ) = G el G (03(0)

Using (a'(t)a(t)g" (t)a(t)) = 2x*t*(Nao(Nao — 1)My), it
is easily verified that this function is independent of the
trapped atomic state and completely determined only by
the input optical field. For the concrete examples, we can

obtain the very simple results g((fg) t)=1-1/|a)> < 1
(anti-correlated states) for a coherent input light, and
géQQ) (t) = 3 (correlated states) for an input light in
squeezed vacuum (with nonzero mean number of photons,
see, e.g., reference [25] for the creation and properties of a
light field in squeezed vacuum). This means that both the
optical and molecular fields can exhibit the correlated or
anti-correlated properties with or without the initial op-
tical squeezing. Note that, these results hold only for the
short-time limits and in this limits, there exists no viola-
tion of the Cauchy-Schwarz inequality (CSI) or nonlocal
entanglement of the two output fields [22]. And it is inter-
esting to further consider the dynamics of the system in
a long time scale and the possibility of creating entangled
molecule-light system via the quantum description of the
two-color PA process.

In conclusion, we theoretically revisit the process of
coherent two-color PA by using a quantized input light.
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Under the single-mode approximations, we show that the
quantum state transfer from light to molecules is possible
without or with the atomic depletions. This indicates a
possible optical control of the molecular fields. Of course,
the intrinsic molecular collision in the output beam should
be considered, which was shown for an atom laser also rel-
evant to the squeezing effect [13]. The most serious simpli-
fication here, however, is a single-mode treatment of the
light since our main purpose is about the possible mech-
anism of quantum conversion from light to molecules in
this nonlinear system. Although this is suitable for cur-
rent PA experiment conditions [4], a multi-mode or spatial
structure analysis can be very significant for any quantum
conversion process, by considering many nonideal factors
like the phase diffusion of the condensate, optical damp-
ing and inelastic two-body scattering. Also, it is difficult
to treat the problem of quantizing a PA light due to the
complex microscopic many-body dynamics [26], and our
simple model here should be taken only as the first step or
qualitative probe of the possible features and applications
of this novel nonlinear molecule-light system.
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